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Experimental values of the wave length and wave velocity have been obtained far dilute soh-  
tions of valeric and hexanoic acid for a vertical fulling liquid film. The wave length was un- 
affected by the surfactants for Reynolds numbers in the range 5 to 100; however, the wave 
velocity was decreased for increased surface concentrations of the two acids. This is in direct 
contradiction to previous theoretical work, and the explanation for the anomaly is that the 
free surface velocity is greatly retarded by the adsorption of the surface active agents. 
In an effort to determine the extent of this retardation, an approximate form of the diffusion 
equation and the equations of motion were solved subject to boundary conditions describing 
the effect of the adsorbed surfactant on the surface stress. The results indicate that the 
entrance length can be increased several orders of magnitude by the addition of small amounts 
of surfactant. 

The flow characteristics of falling liquid films have been 
a subject of interest in connection with gas absorption 
studies (9, 17, 24, 27) primarily because the falling film 
appears to provide a reasonably well defined interfacial 
area and contact time. Knowledge of the nature of the 
flow of thin liquid films is also of importance in analyzing 
heat transfer rates for ablating space vehicles (31 ) ,  in 
the design of cooling systems for high temperature turbine 
blades (15) ,  and in the analysis of mass transfer rates in 
certain desalinization processes ( 6 ) .  

By itself, the falling liquid film provides a reasonable 
experimental tool for studying the effect of surface active 
agents on bulk fluid motion. In addition to the wave 
length and wave velocity, one can also observe the loca- 
tion (measured from the top of the film) of the first 
visible waves as a function of Reynolds number, and the 
rate of approach of the surface velocity to the value pre- 
dicted for uniform flow. 

In order to test recent mathematical studies (1, 4, 28, 
29) of the stability of vertical falling liquid films, an ex- 
perimental study of the wave length and wave velocity 
was planned. In a sense, the experimental study was un- 
successful for the data were obtained under conditions 
which did not allow the direct comparison of theory and 
experiment; however, some interesting characteristics of 
the flow were observed and analyzed, and it seems ap- 
propriate to report the results at this time. 

EXPERIMENTAL METHOD 

The experimental method used in this study is essentially 
identical to that used by Jones ( 1 3 )  and described elsewhere 
(14). A schematic representation of the experimental equip- 
ment is shown in Figure 1. Two parallel beams of light pass 
through holes of diameter 0.08 cm., and are directed at the 
film at two points 1.27 cm. apart. As the light passes through 
the wavy film, the beam is refracted and strikes the cathode 
of a photomultiplier tube at a position which depends on the 
slope of the gas-liquid interface. Since the sensitivity (or ampli- 
fication factor) of the cathode of a photomultiplier tube is 
never uniform the varying position at which the light beam 
strikes the cathode gives rise to a varying output from the tube. 
In this method one obtains two signals which are proportional 
to the slopes of the gas-liquid interface at two points 1.27 cm. 
apart, and from these two signals the wave length and wave 

velocity can be determined ( 14 ) . A severe restriction of this 
experimental set up was that measurements could be made 
only over the top 11 cm. of the column. 

EXPERIMENTAL RESULTS 

The measured wave numbers for pure water are com- 
pared with previous experimental data (14, 25) and theo- 
retical results (2 ,  28) in Figure 2. Both the theoretical 
analysis and the interpretation of the experimental data 
are based on the assumption that the primary or undis- 
turbed flow is described by 
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Fig. 1. Experimental system. 

L l c H T  

1 

Vol. 15, No. 4 AlChE Journal Page 527 



0 20 A A 1 

0 1  0 

20 50 100 20 M 100 200 
NRt 

Fig. 2. Wave number having maximum growth rate vs. Reynolds 
number. 
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where u is the velocity, y is measured from the free sur- 
face, and h is the film thickness. The free surface velocity 
U, may be represented as 

and the Reynolds number is defined as 
U, = gh2/2v ( 2 )  

N R e  = u,h/v ( 3 )  
The experimental studies lead to t,he determination of 

a wave velocity C, and a wave length A. These quantities 
are generally represented in terms of a dimensionless wave 
velocity C, defined by 

and a dimensionless wave number given by 

The results shown in Figure 2 for the measured wave 
number indicate reasonable agreement with previous work 
with the exception of those values for Reynolds numbers 
less than 10. Similar agreement is illustrated in Figure 3 
where the dimensionless wave velocity is compared with 
previous experimental (14) and theoretical work (2, 28).  
The existence of measured values of C, greater than 2.0 
for N H e  < 10 indicates that there is considerable error in 
the measurements in the low Reynolds number region. 

EFFECT OF SURFACTANTS 

It was decided in this study to examine the effect of four 
straight chain aliphatic acids on the wave structure of 

c, = C J U ,  (4) 

(Y = 2nh/X ( 5 )  
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Fig. 3. Wave velocity for most unstable wave vs. Reynolds number. 
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Fig. 4. Distance at which waves became visible vs. Reynolds num- 
ber. 

water films. These acids were reagent grade chemicals. 
The four acids were valeric (boiling point 186 to 187"C), 
hexanoic (melting point -5 to -3"C), heptanoic (melt- 
ing point -8 to -6"C), and octanoic (melting point 15 
to 16OC). Although no chemical analysis was available 
it is presumed that the acids were essentially the straight 
chain form, or the normal acids. Unfortunately it was not 
possible to study the wave structure for all four acids 
since the concentrations used for heptanoic and octanoic 
acid led to sufficiently large stabilizing effects so that 
waves never appeared in the top 11 cm. of the film. Fig- 
ure 4 shows experimental values of the distance from 
the top of the column at which waves are first visible vs. 
the Reynolds number; the concentrations listed are in 
moles per liter. These curves indicate a phenomenon 
which is quite similar to that which would be observed 
if a true critical Reynolds number existed, that is a Reyn- 
olds number below which the flow is stable to all dis- 
turbances. Under such circumstances the slope of the L 
vs. N R e  curve would become infinite at the critical Reyn- 
olds number. While the measurements obtained in this 
work do not indicate the existence of a true critical 
Reynolds number, the stability characteristics of the flow 
certainly indicate that a condition very similar to a critical 
Reynolds number does exist. 

Previous theoretical work (1, 4, 28, 29) has shown that 
a critical Reynolds number does indeed exist for insoluble 
surface films, and is given by { ( Gy 1 l'j 

(6) 

where 8 is the angle between the direction of flow and 
the gravity vector. Previous work (28, 29) also indicated 
that soluble surfactants could reduce the growth rate of 
waves to such an extent that a pseudo critical Reynolds 
number (32) might well be a reasonable parameter to 

J; N R ~ , ~  = 1.68 
gv4p3 sin8 

TABLE 1. SURFACE ELASTICITIES AND ELASTICITY NUMBEHS 
OBTAINED FROM PSEUDO CRITICAL REYNOLDS 

NUMBEX AND EQUATION 6 

Solutions 
( a d a r ) ,  

NRe,c  dynes N E L  

water 8 0.25 17 
8.7 x lop4 molar valeric acid 15 0.71 48 
3.0 x 10-3 molar valeric acid 20 1.1 78 
1.6 x 10-3 molar hexanoic acid 23 1.4 98 
2.2 x 10-3 molar hexanoic acid 27 1.9 129 
6.2 x 10-4 molar heptanoic acid 30 2.3 155 
3.6 x low3 molar heptanoic acid 43 4.1 283 
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use in describing the flow characteristics of a falling liquid 
film. Because of the enormous computational difficulties, 
the analysis of the stability characteristics for a soluble 
surface film have not yet been extended to the point 
where we could properly interpret the curves shown in 
Figure 4; however, if we argue that the dominant effect 
of variations in the surface stress is not greatly effected 
by the interfacial mass transfer (that is it depends pri- 
marily on the rate of strain in the surface) we could use 
Equation (6) to determine the surface elasticity, -au/m. 
This has been done and the results are shown in Table 1. 
The elasticity number N E L  shown in Table 1 is defined by 
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and is a key parameter in both the stability analysis and 
the analysis of the entrance region flow. 

In Figure 5 the measured wave numbers for four sur- 
factant solutions are compared with a curve for pure 
\rater* based on both the theoretical and experimental 
results given in Figure 2 .  In Figure 5 we see that there 
is no significant effect of surface active agents on the 
wave number; a finding in agreement with previous in- 
vestigators (26). 

No data are presented for heptanoic or octanoic acid 
solutions for waves were not measureable (or observable) 
in the first 11 cm. of the top of the column for the solutions 
studied. In the case of octanoic acid, no waves appeared 
anywhere in the column for concentrations greater thin 
8 x molar and Reynolds numbers as large as 200. 

Previous calculations (28) indicate an upper bound for 
the critical Reynolds number resulting from surface elas- 
ticity effects should be 200, thus the absence of waves 
for the octanoic acid solutions can most likely be attributed 
to wave growth rates so small that waves were not visible 
in the 60 cm. column used in this work. 

While the presence of surface active agents gives rise 
to no noticeable effect on the wave number, the effect on 
the wave velocity is quite another story. The experimental 
values of C, are compared with a curve for pure water in 
Figure 6. Here we see that the wave velocity is drastically 
decreased for an increased surface e1asticity.f It may be 
helpful at this point to review the theoretical predictions 
for the effect of surface elasticity on the wave velocity. 
The only calculations available (28) are for the special 
case of zero surface tension; nevertheless, these results 
should be helpful. Calculated values of the dimensionless 
wave velocity as a function of the Reynolds number are 
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Fig. 5. Wave number having maximum growth rate vs. Reynolds 
number. 

The words pure water refer to di-stilled water available in the labora- 
tory. Care was taken to prevent contamination by surfactants, hut the 
existence of a truly clean water surface is doubtful. 

Val. 15, No. 4 AlChE 

C A l C U L A l E O  AND E X Q E R I Y E H I A L  
VALUED FOR l A V R  

. . . . 

2 0  5 0  100 20 50 100 200 

NRc 

Fig. 6. Effect of surface active agents on wave velocity. 

shown in Figure 7 for several values of the elasticity num- 
ber. Here we see that increased values of the elasticity 
lead to increased values of the wave velocity rather than 
to the decreased values observed experimentally. Further- 
more the measured values of C, are as low as 0.40 indicat- 
ing that the waves travel at a speed equal to 40% of the 
free surface velocity, uo. This is in contrast to the theo- 
retical calculations which indicate that uo is a lower bound 
for the wave velocity (that is C, A 1.0). 

The first thought that comes to mind at this point is 
that the surface velocity is greatly retarded by the pres- 
ence of the surfactants. In effect, the adsorbed surface 
active agents form an elastic skin on the surface of the 
fluid and this retards the rapid acceleration that normally 
takes place at the top of the film. 

FLOW IN THE ENTRANCE REGION 

The steady, two dimensional flow in the entrance region 
illustrated in Figure 8 is governed by the equations of 
motion, 

3U dU 

p ( u + v - )  = - ( Z )  aY 

2 5 50 100 200 10 M 

"Re 

Fig. 7. Wave velocity for most unstable wave vs. Reynolds number 
(N, = 0). - 

t We presume here at - Ju/Jr increases both with chain length and 
concentration for the low (that is much less than the critical micelle 
concentration) bulk concentrations studied in this work. 
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Fig. 8. Flow in the entrance region. 

dV av 
P ( U Z  + v - )  aY = - (?)+ CL (z 

(8b) 
the continuity equation 

(9) 

and the diffusion equation. 

A complete solution for the entrance region flow pre- 
sents a formidable computational problem primarily be- 
cause of the difficulties associated with locating the inter- 
face and imposing the proper surface boundary conditions. 

If we impose the restriction that the liquid film depth is 
constant and that v = 0 everywhere, the analysis is greatly 
simplified at the cost of violating the continuity equation. 
In making this step we are abandoning the idea of obtain- 
ing a close approximation to the real flow field, while re- 
taining the hope that the solution will properly indicate 
the effect of surface elasticity on the entrance region flow 
field. Under these circumstances the governing equations 
and boundary conditions (in dimensionless form) reduce 
tot 

t Here we have made the standard boundary layer assumption &/ax2 
<< P u / a p  and 82C/a3iQ << N / a p .  This leads to parabolic differen- 
tial equations and forces us to drop the viscous terms in the surface mo- 
mentum balance. 

ac a w  u-= 2 +( ,) ax 

boundary condition l a  

U = 4 ( Y - Y 2 ) ,  x=o (13a) 

C = l ,  1kYY0, x = o  ( 13a) 

c=o, r=o, x = o  (13c) 

boundary condition Ib 

boundary condition l c  

Note that a singularity appears in the concentration at 
X = Y = 0. This occurs because the dimensionless sur- 
face concentration r must be zero at X = Y = 0. 

boundary condition 2 

boundary condition 3 

- .a (UC) = (ZGNSC)  -1 ($), Y = O  (15) ax 
boundary condition 4 

boundary condition 5 
aU ( -y) = NEL NBe-2/3 (g) , Y = 0 (17) 

Equations (15) and (17) are derived from the surface 
mass and momentum balances and are described else- 
where (29). 

METHOD OF SOLUTION 

An explicit forward difference method [I1 (p. 92)] 
was used to solve Equations (11) and (12) subject to the 
boundary conditions given by Equations (13) to (17).  
If N E L  = 0 these equations are uncoupled and no iterative 
routine was needed. For nonzero values of N E L  the equa- 
tions are coupled through Equations (15), (16), and (17) 
and one must assume values of U and C at X + AX and 
use these in conjunction with known values at X in order 
to compute new values at X + AX. If the computed values 
of U and C are within some specified tolerance of the as- 
sumed values, the iterative process has converged and 
new step is taken in the X direction. In practice the solu- 
tion has converged when successive calculations of the 
entire U and C fields show no appreciable change for a 
decrease in the tolerance, and a decrease in the mesh size. 

One of the difficulties encountered in solving Equations 
(11) and (12) is that for the uncoupled case, the charac- 
teristic length in the X direction is on the order of unity 
for the momentum equation, whereas the characteristic 
length in the X direction is of the order of Nse for the 
diffusion equation. Because of this small values of AX are 
required if we are to obtain reasonable results for the U 
field; however, small values of AX present a problem in 
the solution of Equation (12).  The set of finite difference 
equations resulting from Equation (12) can be solved 
by inverting the tridiagonal matrix of coefficients of the 
linear equations. However, the diagonal terms in that 
matrix are on the order of NscAY2/AX and large values of 
the diagonal terms lead to unstable behavior especially 
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for nonzero values of NEL.  T*his difficulty was overcome 
to some extent by using a variable mesh size in both the 
X and Y directions. In particular, small values of AY were 
used in the neighbor of Y = 0, for this is the region where 
the largest changes in both U and C took place. 

The surface velocity profile for N E L  = 0 is compared 
with the experimental data of Lynn ( 1 8 )  in Figure 9. 
Here we see that the calculated surface velocity is as 
much as 20% below the experimental values which were 
obtained for three different Reynolds numbers. The case 
where NRe = 970 is the only experimental condition where 
ho = h,, thus it is this set of data which should show the 
best agreement with the calculated values. While the lack 
of agreement is not particularly encouraging, it is not 
surprising to find such large differences when we consider 
the extreme simplification that was imposed upon the 
complete equations in order to obtain Equations (11) and 
(12). If one were to use this method to determine en- 
trance lengths (that is the distance required for the veloc- 
ity to approach 99% of the final velocity) the error would 
be intolerable; however, if one simply wants a reasonable 
estimate of the velocity, the method appears to give values 
within 20% of the real values. Furthermore, it is expected 
that the comparison with experimental results for pure 
water probably represents the severest test of the analysis, 
for it is under these circumstance that the variations of U 
and V with x are the largest. When surface active agents 
are present and the acceleration of the free surface is 
retarded, we can expect smaller values of v and a2u/ax2 
thus the simplifying assumptions become more palatable. 

In Figure 10, calculated surface velocity profiles are 
shown for NEL = 0, 1, 3, and 170; the largest value being 
the value for 3.0 x 10-3 molar hexanoic acid estimated 
from the curves shown in Figure 4 and Equation (6) .  In 
Figure 10 we see that our initial suspicion regarding the 
retarded surface velocities is confirmed. Note that for a 
Reynolds number of 100, a uniform flow is not reached 
for about 50 cm. in contrast to an entrance length of less 
than 1 cm. for pure water. Even though the calculations 
are only an approximation, there is no question that uni- 
form flow is extremely difficult to obtain in a wetted wall 
column if appreciable amounts of surfactant are present. 
I t  should be kept in mind that valeric and hexanoic acid 
are rather mild stabilizing agents, and it is not hard to 
imagine that small amounts of octanoic acid would pro- 
duce surface velocities perhaps an order of magnitude 
smaller than uo over distance on the order of 50 cm. This 
finding requires that mass transfer data obtained in wetted 
wall columns stabilized with surfactants (9, 17, 27) must 
be considered with caution. On one hand, surfactants 
would reduce mass transfer rates owing to the reduction 
of wave motion (25) and owing to the increase in inter- 
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Fig. 9. Surface velocity in the entrance region of a falling liquid 
film. 
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Fig. 10. Calculated surface velocity in the entrance region of a falling 
film for N R ~  = 100. 

facial resistance ( 3 0 ) ,  while on the other hand the overall 
mass transfer rate would be substantially increased owing 
to the increased contact time. The results presented here 
raise some doubt about the use of Equation (6) ,  in con- 
junction with the experimental data shown in" Figure 4, 
to calculate the surface elasticity. Equation (6)  results 
from the stability analysis of a uniform flow (that is v5, c, 
and y independent of x) whereas the data shown in Figure 
4 were taken under conditions such that both the velocity 
and surface concentration were ohanging in the direction 
of flow. Because of this, the elasticity numbers listed in 
Table 1 must be considered as rough estimates. A great 
deal of analysis must be done before reliable values of the 
surface elasticity can be extracted from curves such as 
those shown in Figure 4. 

In a final effort to confirm the postulated mechanism 
for the observed low wave velocities, we can use the 
calculated surface velocity in conjunction with previous 
stability studies to estimate the wave velocities for a 
3.0 x molar hexanoic acid solution. In order to do 
this, the results shown in Figure 10 for N E L  = 170 and 
N R e  = 100 were extended to provide surface velocity 
profiles for Reynolds numbers of 50 and 20 at the same 
elasticity number, N E L  = 170. These results allowed us 
to estimate the surface velocity at a point 11 cm. from 
the top of the film as a function of the Reynolds number. 
If we assume that previous calculations (28)  of (cT/uo) 
for uniform flow are actually equal to (c , /u l ,=~)  for the 
flows studied experimentally we can write5 

(cr/uo)calc = (Cr/Uly=O)meas (18) 
which may be expressed as 

NOW, (Cr)cale is the value of C, shown in Figure 6 and 
(ul,=o/u0) is the dimensionless velocity determined by 
Equation (11) and shown in Figure 10 for the special 
case, N R ~  = 100. We can estimate the measured values 
of the dimensionless wave velocity by the expression 

(C,) meas = (C,) calc Ucalc (20) 

Values of (Cr),calc Ucalc are plotted in Figure 11 along 
with the experimental values for 3.0 x molar hexa- 
noic acid. The good agreement between the analysis and 
the experimental data is to some extent fortuitous, but in 
any event it confirms our suspicions regarding the nature 
of the flow. 

5 This assumption is encouraged by the excellent results obtained by 
Anshus and Goren (2)  which indicated that the stability of the flow de- 
pends primarily on the free surface velocity. 
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Fig. 1 1 .  Comparison of experimental and estimated values of the 
wave velocity in  the entrance region. 

C O N C L U S I O N S  

The experiments described in this paper have confirmed 
previous observations (26) that the addition of surfactants 
to falling liquid films does not appreciably alter the wave 
length of the waves that appear when the film becomes 
unstable. Furthermore, it has been shown that the study 
of wave velocities for such flows is a difficult task because 
of the very long columns which must be used if uniform 
flow is to be obtained. 

Of importance is that the onset of waves occurs in a 
manner quite suggestive of a critical Reynolds number 
phenomena, and that a pseudo critical Reynolds number 
can be used to estimate the thermodynamic quantity, 
-au/ar. Furthermore, these experiments have indicated 
that the entrance region is greatly increased when sur- 
factants are present. Measurements of the surface velocity 
in the entrance region can also be used to explore the 
process of mass transfer of surfactants to the gas-liquid 
interface and to confirm values of the elasticity obtained 
by the pseudo critical Reynolds number measurements. 

A C K N O W L E D G M E N T  

Durham. 
This work was supported by the U.S. Army Research Office, 

N OTAT 10 N 

c 
c, 
C 
cr 
C, 
E, 
g 
h = fluid depth, cm. 
h, 
h, = uniform fluid depth (x + w ) ,  cm. 
K = equilibrium coefficient, cm. 
K: 
m = moles per liter 
p = fluid pressure, dynes 
p ,  = ambient pressure, dynes cm.+ 
u, = free surface velocity for uniform flow, cm. sec-1 
u, 0 = scalar components of the bulk phase velocity 

vector in the x and y directions respectively, cm. 
sec.-l 

U,  V = u/u0, z ~ N R ~ / u , ,  dimensionless scalar components 

= bulk phase mass density of surfactant, g. 
= initial mass density of surfactant, g. cm.-3 
= c/co, dimensionless mass density of surfactant 
= wave velocity, cm. set.-' 
= c,/u,, dimensionless wave velocity 
= bulk phase diffusion coefficient, sq. cm. sec.-l 
= gravitational acceleration, cm. sec-2 

= fluid depth at x = 0, cm. 

= K/h,, dimensionless equilibrium coefficient 

of the velocity vector 
x, y 
X ,  Y = x / N R e  h,, y/h,, dimensionless rectangular co- 

= rectangular Cartesian coordinates, cm. 

ordinates 

Greek Letters 
01 

y 
yo  
r 
7 
A = wave length, cm. 
p 

p = fluid density, g. 
Dimensionless N u m b e r s  
N E L  = ( --ag/ar) ( 2/gv4p3) lI3, elasticity number 
N R ~  = (u,h,/v) , Reynolds number 
N R ~ , ~  = critical Reynolds number 
Nsc = v / D ,  Schmidt number 

= 27rh/A, dimensionless wave number 
= surface mass density, g. 
= K co, g. cm.-2 
= y /yo ,  dimensionless surface mass density 
= h, - h, position of the interface, cm. 

= bulk fluid viscosity coefficient, dyne-sec.-sq.cm 
V = p / p ,  kinematic viscosity coefficient, sq. cm. set.-' 
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